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Preface

This book o�ers a survey of the theoretical description of and
experimental evidence for micro- and nanostructures in biological
systems. The book is novel in the sense that biophysical methods
are used to describe and manipulate clinically relevant problems
which have hitherto been largely described as purely biochemical
phenomena.

In the theoretical description, a unifying approach is used start-
ing from the single-particle energy, deriving the free energy of the
system and �nally determining the equilibrium state by minimizing
the system free energy. This approach is basic, transparent and
simple so that di�erent systems and interactions can be considered.
The method is then applied in describing di�erent electric and
elastic phenomena in biological and lipid nanostructures.

Orientational ordering of anisotropic system constituents is
found to be an essential mechanism of stabilization of the system
con�guration in ionic solutions and biological membrane structures.
Further, in models based on lattice statistics, a method considering
the Boltzmann probability of energy averaged over rotational states
is introduced as an improvement over the free energy minimization
method.

Experimental evidence for theoretically predicted membranous
nanostructures and mediated attractive interactions between these
structures is presented. Possible applications in medicine, toxicol-
ogy and nanotechnology are given, such as the use of the results and
methods in the clinically relevant problem of blood clot formation or
the fabrication of nanostructured biocompatible implant surfaces.

The book consists of eighteen chapters devoted to the biophysics
and biology of biological micro- and nanostructures. Chapter 1 gives
a brief review of the basic statistical thermodynamic principles and
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equations which are then used throughout the book in theoretical
description of biological micro- and nanostructures, which are
composed of a large number of constituents. The chapter starts with
a short survey of the physics involved where some basic de�nitions
of the physical quantities relevant in theoretical consideration of
biological systems, like �eld and potential, are also given. Chapter 2
brie�y describes the basic properties of lipid bilayers and biological
membranes. Chapter 3 describes lipid vesicles as experimental
tools. Di�erent types of lipid vesicles can be used and their
preparation and the interpretation of the results is presented.
Among the most recent applications of lipid vesicles in scienti�c
studies is their use in the �eld of nanobiology and nanotoxicology
where interactions between nanoparticles and biological systems
are investigated. Understanding nanoparticle-induced defects in
biological membranes is among the major challenges of bio-nano-
related �elds of research. In Chapter 4 some basic microscopic
techniques for studying the structure and properties of vesicles
ranging from direct visualisation (optical or electron microscopy)
or scattering techniques (light scattering, LS; small-angle neutron
scattering, SANS; small-angle X-ray scattering, SAXS) to polarisation
light microscopy; freeze fracture transmission electron microscopy,
FF-TEM; and atomic force microscopy. The selection of methods
depends on the aim of the study. These methods give information
about the morphological features of vesicles and the structural
characteristics of lipid bilayers.

In the continuum approach, biological surfaces (e.g., membrane
surfaces) may be in the �rst approximation considered as smooth
surfaces that can be theoretically described using the mathematical
theory of di�erential geometry, as shown very brie�y in Chapter 5
of the book. Further Chapter 6 describes the polymorphism of lipid
nanostructures, including lipid nanotubes, and introduces the con-
cept of anisotropic intrinsic shapes of lipid molecules. Chapter 7 is
dedicated to the physics of lipid micro- and nano structures, starting
with the concept of the single-lipid molecule energy. Applying the
methods of statistical physics, the free energy of a lipid monolayer
and bilayer is derived, taking into account the anisotropic shape of
lipid molecules. The lipid monolayer and bilayer deviatoric bending
energy due to average orientational ordering of lipid molecules
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is discussed. The in�uence of lipid anisotropy on the stability of
planar, inverted spherical and inverted cylindrical lipid monolayer
nanostructures and lipid bilayer nanotubes is presented in detail. At
the end of the chapter the shape equation for closed lipid bilayer
vesicles is derived and solved in order to describe theoretically
the experimentally observed budding transitions of phospholipid
vesicles. Chapter 8 gives a derivation of the energy of a single
�exible membrane nanodomain. Flexible membrane nanodomains
are de�ned as small complexes composed of proteins and lipids.
The so-calledmembrane raft elements of biological membranesmay
fall into this category. Membrane nanodomains (inclusions) may
also be induced by a single rigid globular membrane protein. Some
membrane embedded peptides may induce such nanodomains.

Formation of tubular membrane bilayer structures (nanotubes)
is a common phenomenon in both arti�cial lipid membranes and
cellular systems. In Chapter 9 the formation and stability of tubular
membrane structures is considered experimentally and theoret-
ically. In Chapter 10 the physical mechanisms of the formation
and stabilization of highly curved spherical membrane buds are
experimentally and theoretically considered, with special emphasis
on the stability of the narrow neck connecting the budding vesicle to
the parent membrane. Chapter 11 is dedicated to fusion of a vesicle
with the target plasma membrane. Experimental results, along with
a theoretical model, are presented to provide a new interpretation of
repetitive, transient fusion neck events with narrow neck diameters
stabilized by anisotropic membrane components. As the suggested
fusion neck stabilization mechanism is nonspeci�c and as there
is no a priori reason why the membrane constituents should be
in general isotropic, it could be expected to take place in any cell
type. In Chapter 12 we discuss the in�uence of the intrinsic shape
of membrane-attached nanoparticles on the elastic properties of
bilayer membranes.

Chapter 13 is devoted to the electrostatic properties of biological
systems. It starts with the de�nition of electrostatic energy and
derivation of the con�gurational entropic part of the free energy of
a system composed of �nite-sized ions. Then a functional density
theory of the electric double layer (EDL) which assumes constant
dielectric permittivity is used to derive the standard Poisson�
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Boltzmann (PB) equation and the modi�ed PB, i.e., the Bikerman
equation. Most models describing the EDL assume constant dielec-
tric permittivity throughout the system. But actually, close to the
charged surface, the water dipoles are oriented thus leading to a
varying dielectric permittivity. Therefore in this chapter we derive
the Langevin Poisson�Boltzmann (LPB) equation for point-like ions,
where the orientational ordering of water molecules is taken into
account. In order to develop an integrating framework to clarify the
factors in�uencing the relative permittivity, the LPB model within
the generalized Langevin�Bikerman model is upgraded to take into
account the cavity �eld as well as the �nite size of the molecules.

Subsequently, in Chapter 14 the attraction between like-
charged biological surfaces, mediated by spherical macroions
are described theoretically and illustrated by di�erent examples
observed experimentally, such as the attraction between a negatively
charged nanostructured surface and osteoblasts. Chapter 15 brie�y
describes simulations of the encapsulation of spherical macroions,
while in Chapter 16 the electrostatics and mechanics of hydrophilic
pores in biological membranes is given. Chapter 17 is dedicated to
the role of membranous nanostructures as in cell-to-cell transport
mechanisms, where the recently discovered nanotube-mediated
mechanism of cell-to-cell communication is described. Chapter 18
presents the liquid crystal mosaic model of the biological membrane
as a result of the above generalizations. A pool of membranous
nanstructures is biologically important; some clinically relevant
mechanisms involving this pool are presented and possible manipu-
lation of these mechanisms in medicine is suggested.

The authors would like to express their gratitude to their
colleagues and students, among them especially Ale�s Ambro�zi�c,
Bla�z Babnik, Sebastian Bauer, Apolonija Bedina Zavec, Klemen
Bohinc, Goran Bobojevi�c, Nataliya Bobrovska, Malgorzata
Bobrowska-H¤agerstrand, Sabina Boljte, Angela Corcelli, Sa�sa �Cu�cnik,
Matej Daniel, Gregor Dolinar, Barbara Dra�sler, Kristina Eler�si�c, Ana
Forti�c, Miha Fo�snari�c, Jan Gimsa, Ulrike Gimsa, Nir Gov, Roman
Jerala, Wojciech G·o·zd·z, Volkmar Heinrich, Ines Hribar-Igna�s�cenko,
Roghayeh Imani, Boris Isomaa, Vid Jan�sa, Dalija Jesenek, Jernej
Jorga�cevski, Ita Junkar, Doron Kabaso, Ma�sa Kandu�ser, Samo Kralj,
Marko Kreft, Mukta Kulkarni, Sunil P.B. Kumar, Maru�sa Lokar, Mateja
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Gongadze for her support and collaboration in preparation of the
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charged surfaces. Many thanks to Bla�z Rozman, Rado Jan�sa and
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Mojca Frank, Vid �Su�star and Roman �Stukelj for themany hours spent
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body �uids. We also very much appreciate the continuous support
and collaboration of Peter Verani�c and Toma�z Slivnik. Special thanks
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Chapter 1

Description of Systems Composed of a
Large Number of Constituents

1.1 Short Survey of the Relevant Physics

1.1.1 Field and Potential

A scalar �eld associates a numerical (scalar) value called magnitude
to every point of the system (space), while a vector �eld is a
quantity to which at every point of the system, a magnitude and
direction are assigned. Examples of scalar �elds are temperature,
concentration, pressure, and density; examples of vector �elds are
force and velocity.

A scalar �eld q may be a source of a vector �eld P:

� • P = q , (1.1)

where nabla (�) is an operator which in Cartesian coordinates
(x , y, z), is written as

� =
�

�
� x
,

�
� y
,

�
� z

�
. (1.2)

If we act with the operator � on a �eld, we are describing
changes of this �eld in space. Symbols �/� x , �/� y and �/� z denote
partial derivatives with respect to a chosen Cartesian coordinate.

Nanostructures in Biological Systems: Theory and Applications
Ale�s Igli�c, Veronika Kralj-Igli�c, and Damjana Drobne
Copyright c� 2015 Pan Stanford Publishing Pte. Ltd.
ISBN 978-981-4267-20-5 (Hardcover), 978-981-4303-43-9 (eBook)
www.panstanford.com
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Figure 1.1 Schematic �gure of a source of a vector �eld (a) and a vortex of
the vector �eld (b).

The quantity� •P is called the divergence of the vector �eldP, which
expresses to what extent an in�nitesimal region of space acts as a
source or a sink of the vector �eld. If the divergence of the vector
�eld at some point in space is nonzero, then there is a source of this
�eld (for q > 0) or a sink of the �eld (for q < 0).

The vector product of the operator� and the vector �eldP, which
is called a rotor (or curl) of the �eld (� × P), describes a vortex of
the �eld. The source and the vortex of the �eld are schematically
represented in Figs. 1.1A and 1.1B, while Fig. 1.2 shows a vector �eld
without sources, sinks and vortices.

Figure 1.2 Schematic �gure of a vector �eld without sources, sinks and
vortices.
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If the vector �eld P lacks vortices,

� × P = 0 , (1.3)

there exists a scalar function � named scalar potential such that

P = –�� . (1.4)

The expression �� = (� �/� x , � �/� y, � �/� z) is called the
gradient of the potential. The gradient of the potential is a vector
which tells us how the potential (and thus the �eld) changes in
space. The sign is chosen according to the interpretation of the e�ect
of the �eld.

If there are no static sources or sinks of the vector �eld, that is,
its divergence is equal to 0,

� • P = 0 , (1.5)

there exists a vector A named vector potential such that

P = � × A . (1.6)

An advantage of introducing potentials is the use of standard
mathematical tools and simpli�cation of equations.

1.1.2 Description of Events

Within the framework of a physical description, the same physical
laws are valid throughout the entire universe on small- and large
scales at low- and high energies. It turns out that under di�erent
conditions some e�ects can prevail so that others can be neglected:
we use simpli�cations and approximations.

In classical mechanics, we introduce a point-like particle to
which we ascribe at a given time t, a precisely determined position
given by position vector r from the origin of the coordinate
system to the particular point r (Fig. 1.3) and velocity v, which is
small with respect to the speed of light c = 3•108 m/s. Space is
three dimensional, �at and independent of time, while matter and
radiation are considered as separate quantities. The laws of classical
mechanics are used in description of macroscopic systems.

The microscopic world is described by the laws of quantum
mechanics. Within quantum mechanics, we use a dual description:
matter and radiation can be described both as particles or as
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Figure 1.3 Within classical mechanics the motion of a point-like particle
with mass m in three dimensional space (x , y, z) is described by time-
dependent (t) radius (position) vector r(t ). Here t1 < t2.

waves. Within quantummechanics, a system can attain only discrete
energies. We say that energy is quantized.

At large velocities, we use the special theory of relativity in which
space and time are connected into a four-dimensional vector space-
time. An event is given by the four component vector,

r = (x , y, z, c t) . (1.7)

Within classicalmechanics and the special theory of relativity, space-
time is �at (Fig. 1.4A). The general theory of relativity considers that
the presence of mass causes curving of space-time. Greater mass
causes stronger curving while the e�ect is stronger closer to the
mass. Figure 1.4B schematically shows curving of two-dimensional
space due to the presence of mass.

The string theory is a modern physical theory which connects
quantum mechanics and the theory of relativity. The world is
described as composed of small strings which oscillate in di�erent
ways and thereby, form di�erent constituents of the system.

1.1.2.1 Classical mechanics and electrodynamics

Physical description within classical physics is based on description
of the properties of a point-like body, that is, a body with no
dimensions. This is a useful approximation for the elements of a
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A B
Figure 1.4 A two-dimensional representation of �at space (A). Due to the
presence of mass (a sphere), space is curved (B).

system for which the size, shape, and structure are irrelevant in the
context considered. The relevant properties of a point-like body are
its massm and electric charge e.

In classical mechanics, the motion of a point-like body is
described by a position vector r, velocity v, force F acting on
the point-like body with mass m, momentum p = mv, angular
momentum � = mv × r, and energy W , which is divided into kinetic
energy Wk and potential energy Wp. The kinetic energy of a point-
like body with massmmoving with velocity v is

Wk =
1
2
mv2, (1.8)

where v is the magnitude of the vector v. Kinetic energy is also the
stock of work which the body can perform due to its motion, while
potential energy is the stock of work which the body can perform
due to its position, or due to the mutual positions of its constituents.

Movement of a point-like body with mass m within classical
mechanics is described by the three laws of Newton.a Newton�s �rst
law states that if no net force is acting on a point-like body, the
body is at rest or moves with an uniform velocity which de�nes the
inertial frame. The second law gives the relation between the net
force acting on the point-like body F and its momentum p,

F =
dp
dt

. (1.9)

aIsaac Newton, 1642�1727.
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Newton�s third law for two point-like bodies expresses the connec-
tion between action and reaction: if body 2 acts on body 1 with force
F1,2, then body 1 acts on body 2 with an oppositely directed force of
the same magnitude F2,1,

F1,2 + F2,1 = 0 . (1.10)

If the point-like body with mass, m carries an electric charge, e,
the force in the electromagnetic �eld acting on the body is

F = e (E+ v × B) , (1.11)

where E is the electric �eld strength and B is the magnetic �ux
density. The connection between the electric and the magnetic �eld
is given by Maxwella equations. The equation

� • D = � el , (1.12)

where D is the electric displacement vector, expresses the fact that
charges create an electric �eld; remember that the divergence of the
�eld describes sources and sinks of the �eld. The quantity � el =
lim� V � 0 (�e /� V ) is the volume density of charge where �e is the
charge which is present in a small volume � V .

It follows from the equation

� × H = jel +
� D
� t

, (1.13)

that the magnetic �eld may be created by electric currents
(movement of charges) or an electric �eld which changes with time.
Here, H is the magnetic �eld strength and jel, the density of the
electric current given by

jel =
dI
dS

n , (1.14)

where dS is the cross-sectional area carrying an in�nitesimal
electric current dI and n is unit vector in the direction of the current.

The equation

� • B = 0 , (1.15)

whereB is themagnetic �ux density, expresses the fact that there are
no monopole sources or sinks of the magnetic �eld. This statement

aJames Clerk Maxwell, 1831�1879.
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is based on the experimental fact that isolated magnetic monopoles
have never been found.

The equation

� × E = �
� B
� t

, (1.16)

expresses that in a region with a time-dependent magnetic �eld an
electric �eld is created.

In free space,B = µ 0 H andD = � 0 E, where,µ 0 = 4� •10�7 Vs/Am
is the permeability of free space and � 0 = 8.9 • 10�12 As/Vm is the
permittivity of free space.

Since a magnetic �eld has no monopole sources or sinks
(Eq. 1.15), according to the conditions Eq. 1.5 and Eq. 1.6, we
introduce a vector potential A,

B = � × A , (1.17)

such that Eq. 1.16 becomes

� ×
�

E+
� A
� t

�
= 0 . (1.18)

The expression in parentheses is a �eld with no vortices, so we can
introduce a scalar potential � as follows:

E+
� A
� t

= ��� . (1.19)

From the Maxwell equations follows the wave equations for E
and B�from which it is evident that electromagnetic waves exist
and spread in directions perpendicular to the electric �eld and to
the magnetic �eld, with a constant velocity�the velocity of light c,
so that c = 1/

�
� 0µ 0.

The laws of classical electrodynamics are supplemented by the
continuity equation expressing the conservation of charge within a
given volume

� � el

� t
+ � • jel = 0 . (1.20)

1.1.2.2 Quantum mechanics

The description of a particle by position, velocity, and energy
within classical mechanics is based on simple experiments involving
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Figure 1.5 A wave packet.

macroscopic bodies from everyday experience. Since microscopic
particles (e.g., electrons) in some respects behave similar to
macroscopic particles (bodies), attempts have been made to use
such a description for microscopic particles as well. However, the
similarity betweenmacroscopic andmicroscopic particles is limited,
which is re�ected in the fact that the validity of the classical
mechanical description of microscopic particles is also limited. It
turns out that for microscopic particles the position and velocity
can simultaneously be determined only within certain limits given
by the Heisenberga uncertainty principle. For a particle moving in
the direction of the x-axis with velocity vx (momentum mvx), the
uncertainty principle gives

� x � px � h, (1.21)

where, � x is the uncertainty in the particle�s position, � px is the
uncertainty in the component of momentum and h = 6.6 • 10�34 Js
is Planckb constant, which is characteristic of quantummechanics.

Since the laws of classical mechanics could not satisfactorily
describe the results of some experiments (e.g., interference exper-
iments with electrons, the photo-e�ect and the characteristic peaks
in the spectra of X-rays), a theory has been developed in which two
important new concepts were introduced�quantization of energy
and the dual nature of the particle-wave. Two equivalent formula-
tions of quantummechanicswere developed almost simultaneously:

aWerner Heisenberg, 1901�1976.
bMax Planck, 1858�1947.
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the matrix formulation (Heisenberg, Born,a Jordanb) and the wave
formulation (Schr ¤odingerc). Here, we shortly describe some of
the basics of the Schr ¤odinger formulation of quantum mechanics,
necessary for understanding the principles of statistical mechanics
which are used in this book.

To describe material particles within quantum mechanics, we
introduce the wave function � (r, t), so that the probability of a
particle existing in the region with in�nitesimal volume dV is

P (r, t) dV =| � (r, t) |2 dV (1.22)
The quantity P (r, t) is called the probability density and is an
observable quantity.

In quantum mechanics, we use the principle of correspondence,
which means that the variables which are used in classical
mechanics, the position vector r, momentum p, angular momentum
� , kinetic energy Wk, potential energy Wp, and total energy which
is described by the Hamiltond function H (Hamiltonian), are
assigned the corresponding operators. Themomentum corresponds
to the operator (�/ i)� , kinetic energy corresponds to the operator
�(� 2/2 m)�2, total energy corresponds to the operator i � �/� t,
where � = h/2 � . The operators, corresponding to the energy which
is used in classical mechanics (sum of the kinetic and potential
energies),

Wk +Wp(r) = H , (1.23)
are applied to the wave function. The equation is rearranged to
obtain the Schr ¤odinger equation; that is, the di�erential equation for
the wave function � ,

�
� 2

2m
�2� (r) +Wp(r)� (r) = i �

� � (r)
� t

. (1.24)

In the casewhere the potential energy is independent of time, the
solution of Eq. 1.24 can be written as the product of two functions,
one of which depends solely on position, while the other on time:

� (r, t) = 	 (r) exp
�

�
i E t

�

�
, (1.25)

aMax Born, 1882�1970.
bPascual Jordan, 1902�1980.
cErwin Schr ¤odinger, 1887�1961.
dWilliam Rowan Hamilton, 1805�1865.
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Figure 1.6 Schematic �gure of the probability density of an electron in
the hydrogen atom. Di�erent probability densities correspond to di�erent
eigenstates. Lighter areas mean larger probability densities (image:
http://blazelabs.com).

where 	 (r) is the solution of the time-independent Schr ¤odinger
equation

�
� 2

2m
�2	 (r) + Wp(r)	 (r) = E 	 (r) . (1.26)

The time-independent Schr ¤odinger equation describes the problem
of eigenvalues since the operation yields the wave function as a
solution. Equation 1.26 can be written by the operator of the total
energy �H ,

�H	 (r) = E 	 , (1.27)
where

�H = �
� 2

2m
�2 + Wp(r) . (1.28)

Solutions of Eq. 1.27 are eigenfunctions 	 (r), which correspond
to particular energies E with discrete values. We call them the
eigenenergies of the system. Di�erent eigenfunctions in the atom
correspond to di�erent probability densities (Fig. 1.6) and di�erent
eigenenergies. We say that the energy of the particles is quantized.
Photon emission or absorption can be observed by spectroscopy, in
which the spectral wavelengths are a direct measure of the discrete
energies of the particle, that is, the di�erences between them.

An orbital is the region within which the particle exists with high
(>95%) probability. Orbitals determine the shape of more or less
stable complexes which are formed from atoms. These complexes
are called molecules.

In the description of biological systems composed of a large
number of microscopic particles, the methods of statistical physics
are used which are based on the energies of particles obtained
within a quantummechanical approach. Therefore in the theoretical
description of biological systems, the application of the methods of
quantummechanics cannot be avoided.
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1.2 Systems Composed of a Large Number of
Constituents

Our everyday experience concerns systems composed of a very
large number of constituents (order of magnitude 1020 or more).
To describe such a system by means of classical mechanics, we
would have to write down Newton�s laws of motion for every
individual constituent. Due to the large number of constituents, this
is practically impossible.

If we are describing the macroscopically observable properties
of systems containing large numbers of particles by a small set of
relevant variables, we say that we are describing the system within
classical thermodynamics. In order to study the physical properties
of the thermodynamic system, we should �rst de�ne the system
and the surroundings and describe the relations between their
elements. Within classical thermodynamics, it is important that we
deduce the facts and the properties which enable us to predict the
future behaviour of the system. The properties of the system are
given by thermodynamic variables and functions of state of the
system, while the facts are expressed by the laws which connect
these variables and functions of state. Thermodynamic variables
include, for example, temperature, volume, and concentration,
while functions of state include, for example, internal energy,
enthalpy, entropy, and free energy. The contents of the laws of
classical thermodynamics refer to transformations of energy and
determination of the equilibrium state of the system. A deeper
understanding of the underlying reasons is not possible in such
a description. If we want to achieve a deeper understanding, we
should consider the features of a system on the microscopic level.

1.2.1 Classical Thermodynamics

We �rst describe some special functions which are used within
classical thermodynamics. A system is an entity separated from its
surroundings, where everything that is not the system is de�ned as
the surroundings of the system. The state of the system is de�ned by
the set of all the macroscopic properties connected with the system.
The equilibrium state of the system is the state in which there are
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no changes of macroscopic properties with time. The system and
the surroundings are separated by a boundary which can isolate the
system from the surroundings, or it can allow the exchange of energy
andmatter between them. If matter canmigrate between the system
and the surroundings, the system is considered to be open, while it
is considered to be closed if such transport is not allowed.

In describing the system within the laws of classical thermo-
dynamics, we are interested in the energy which is connected to
the inner state of matter. This energy is called the internal energy
Wn. Within quantum mechanics, we say that the internal energy
derives from the eigenenergies of the system, while within classical
mechanics the internal energy derives from the potential and kinetic
energy of the system constituents.

Energy is transported across the boundaries of the system by
means of work A and heat Q. Heat is connected to the change of
the internal energy of the system due to the temperature di�erence
between the system and the surroundings. Work is connected to
the change in the internal energy of the system due to other
thermodynamic variables.

The change in the internal energy of the system due to transport
of energy across its boundaries is expressed by the �rst law of
thermodynamics:

dWn = dA + dQ , (1.29)
where dA is a small amount of work which was performed upon
the system (dA > 0) or by the system (dA < 0), and dQ is a small
amount of heat whichwas transported from the surroundings (dQ >
0) or to the surroundings (dQ < 0). The internal energy is changed
by dWn. The �rst law of thermodynamics also expresses the fact that
the total energy of the system and the surroundings is conserved and
it is therefore, a conservation law. Further, in the case of an isolated
system which performs or receives no work, the internal energy of
the system is conserved.

Mechanical work is expressed as
dA = F • dr , (1.30)

where F is the force and dr is the displacement vector (Fig. 1.3).
The work which is a consequence of the change of the volume of the
system (dV ) is given by,

dA = �p dV , (1.31)
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where p is the pressure within the system. The volume of the system
is diminished if it is squeezed. We say that if the system undergoes
a decrease in the volume (dV < 0), it accepts work. We can take the
standpoint that the work received by the system is positive (dA >
0). Work is negative if the system expands (dA < 0, if dV > 0).
We say that, in this case the system performs work. According to
such a choice of interpretation, we chose in Eq. 1.31 above a minus
sign.

If two thermodynamic systems are connected so that energy can
cross the boundary, we say that the systems are in thermodynamic
equilibrium if there is no transfer of energy across the boundary. We
also say that such systems have the same temperature. Once trans-
ferred to the system and becoming the internal energy, work and
heat cannot be distinguished by the �rst law of thermodynamics.

Namely, the internal energy can be understood as composed of
the potential and kinetic energies of its constituents. Nevertheless,
work di�ers from heat. Experience indicates that all work can be
transformed into heat, while it is not possible to transform all heat
to work without changing the state of the surroundings. Among the
processes which are allowed by the �rst law of thermodynamics,
only some of them will actually take place. If two bodies with
di�erent temperatures are brought into contact, heat is transferred
from the body with higher temperature to the body with lower
temperature. Salt dissociates in water, but the reverse process is
possible only if the system is acted upon from the outside. The
displacement in the oscillations of a pendulum become smaller with
time while the mechanical energy of the oscillations is transformed
into heat. The above processes are spontaneous and proceed in
a de�nite direction, while the probability of their proceeding in
the opposite direction is very small. Such processes are called
irreversible processes.

A process is irreversible if the system and the surroundings
cannot be returned to the original state. All real processes are
irreversible.

A reversible process is an idealization; the process can take place
in the reverse direction by passing through the same sequence
of equilibrium states. In reversible processes the system and the
surroundings can be returned to the original state.



May 25, 2015 10:26 PSP Book - 9in x 6in NBS

14 Description of Systems Composed of a Large Number of Constituents

Processeswhich are so slow that they can be reversed at any time
by performing an in�nitesimal change in the surroundings can be
considered as reversible. The in�nitesimal changemoves the system
from one equilibrium state of the system to another one.

A function called entropy S in introduced and is the subject of the
second law of thermodynamics,

dS �
dQ
T

. (1.32)

The equality in Eq. 1.32 holds for reversible processes, while the
inequality holds for irreversible processes. The origin of entropy is

S(T = 0) = k ln 
( E0) , (1.33)

where 
( E0) is the degeneration of the lowest energy state with
energy E0 expressing how many states of the system correspond
to the lowest energy. The origin of entropy is the subject to the
third law of thermodynamics: the entropy of a system with a non-
degenerate ground state at T = 0 is equal to 0.

While seeking for the equilibrium state of a system it is
convenient to know some function which describes the system at
the given conditions and at equilibrium attains an extreme value.
Functions which in the equilibrium state attain an extreme value are
called thermodynamic potentials.

Entropy S is a thermodynamic potential of an isolated system.
This means that in the equilibrium state of the isolated system
entropy attains its maximum. If the system is thermally isolated
(dQ = 0), it follows from the second law of thermodynamics
(Eq. 1.32) that

dS � 0 . (1.34)

The entropy of an isolated system increases until the system reaches
the equilibrium state where the entropy attains its maximal value.

Therefore, in a reversible process, the change of the entropy
of the system is equal to the negative change of entropy of
the surroundings, while the total entropy of the system and
the surroundings remains unchanged. In an irreversible process,
entropy determines the direction of the development of the system.
Entropy plays an important role whenever certain processes are not
allowed.
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In the description of a system which is not thermally isolated,
but is kept at constant temperature and at constant volume, an
appropriate thermodynamic potential is the free energy F , where

F = Wn � T S . (1.35)

The in�nitesimal change in the free energy is

dF = dWn � T dS � S dT . (1.36)

Considering Eqs. 1.29, 1.32, and 1.36 yields

dF � dA � S dT . (1.37)

In this expression equality corresponds to reversible changes.
Let us limit our description to changes in which the work

exchanged between the system and the surroundings originates
solely from the change of volume of the system,

dA = �p dV . (1.38)

In this case, it follows from Eqs. 1.29 and 1.32 that

dWn � �pdV + T dS , (1.39)

while it follows from Eqs. 1.37 and 1.39 that

dF � �pdV � S dT . (1.40)

If the temperature and the volume are kept constant (dT = 0 , dV =
0), it follows that

dF � 0 . (1.41)

At constant temperature and volume, the free energy of the system
decreases until the system reaches the equilibrium state. There,
the free energy attains its extreme (minimal) value. It can be seen
that the free energy is an appropriate thermodynamic potential for
systems at constant temperature and volume.

In describing a systemwhich is not thermally isolated, but is kept
at constant temperature and pressure, we introduce a function of
state called enthalpy, H , where

H = Wn + p V . (1.42)

The thermodynamic potential, which is appropriate for description
of a system at constant temperature and constant pressure, is the
free enthalpy G,

G = H � T S = Wn + p V � T S . (1.43)
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Limiting ourselves to systems in which the only type of work
exchanged with the surroundings is work due to the change of
volume, the in�nitesimal change in the free enthalpy is

dG = �pdV + dQ+ p dV + V dp� T dS � S dT . (1.44)

Considering Eq. 1.32 gives

dG � V dp� S dT . (1.45)

In this expression equality corresponds to reversible changes. If the
change is performed at constant temperature and constant pressure
(dT = 0 and dp = 0), Eq. 1.45 gives

dG � 0 . (1.46)

At constant temperature and pressure, the free enthalpy of the
system decreases until the system reaches the equilibrium state.
There, the free enthalpy attains its extreme (minimal) value. It can
be seen that the free enthalpy is an appropriate thermodynamic
potential for systems at constant temperature and volume.

1.2.2 Statistical Thermodynamics

Consider a representative system with a large number of con-
stituents (N) and volume V . The system is in contact with a heat
reservoir with temperature T . Imagine a set of a large number M
of systems, which are macroscopically equal to the system under
consideration, that is, each of the systems has the same values of
the thermodynamic variables (N, V , T ) and is in contact with the
same heat reservoir as the representative system. This imaginary
set of systems is called an ensemble.a Although all the systems are
equal from a macroscopic point of view, they are not necessarily
equal from a microscopic point of view. In general, there are a
large number of di�erent quantum states which correspond to a
given macroscopic state, since three variables, say N , V , and T are
insu�cient for a detailed microscopic description of a system with
1020 constituents. By the expression �quantum states�, we mean the
eigenstates determined by solutions of the stationary Schr ¤odinger

aJohn Willard Gibbs, 1839�1903.
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equation with corresponding energy eigenvalues. We now state the
two postulates of statistical thermodynamics (Hill, 1986).

The �rst postulate states that the long-term time average of
a mechanical variable X in a given thermodynamic system�
representative of the ensemble of M systems�is in the limit of
M � � equal to the ensemble average of X .

In other words, the average of a mechanical variable of a
given system over time can be replaced by the average of the
instantaneous values of this variable over a large number of systems
which are macroscopically equal to the given system.

The ensemble which describes an isolated system (�xed energy
of the system) is called the microcanonical ensemble, the ensemble
which describes a closed system (�xed number of particles) at
constant temperature is called the canonical ensemble and the
ensemblewhich describes an open systemat a constant temperature
is called the grand canonical ensemble. The �rst postulate is valid for
all three types of ensembles.

The second postulate (the principle of equal a priori probabil-
ities) is valid only for the microcanonical ensemble. The second
postulate states that in a microcanonical ensemble with M � �,
the systems are distributed evenly over all possible quantum states
(the number of possible quantum states is denoted by 
), which
correspond to the macroscopic state (N, V , E ) of a given isolated
system. In other words, every quantum state of the system is equally
probable and is represented by the same number of systems in the
ensemble.

Joining both postulates gives the quantum ergodic hypothesis,
which states that an isolated system, if observed long enough spends
equal time in each of 
 possible quantum states. Such a system is
called an ergodic system.

1.2.2.1 Canonical ensemble

The system that we wish to describe has a �xed volume V , a
�xed number of constituents N and is immersed in a heat bath at
temperature T . Imagine an ensemble composed of a large number
of systems which are thermodynamically identical to the chosen
system. If we wish the ensemble to describe the chosen system,
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system with
fixed N, V, T

isolation

Figure 1.7 Scheme of a canonical ensemble, composed ofM systems. Each
systemhas volume V and N constituents. The temperature in all the systems
is T . The ensemble, isolated with respect to the surroundings, is considered
as a supersystem with volume M V , number of constituents M N, and
energy E t.

each system in the ensemble must also be in contact with the
heat reservoir at temperature T . We compose the ensemble so that
M macroscopic systems, each with N constituents and volume V ,
are tightly packed together (Fig. 1.7). The boundaries between the
systems are such that energy can be transmitted through themwhile
matter cannot. The whole ensemble is then isolated.

All systems in the canonical ensemble have the same V , the same
N , and the same set of possible quantum states. Let us denote the
possible quantum states by the values of their eigenenergies: E1,
E2, . . . , E j , . . . , Er . Each state is written separately even if some
states are degenerate (have the same energy). Let us denote the
number of systems which at a given instant of time are in the state
with the energy E j by Mj . The list M = M1, M2, . . . , Mj , . . . , Mr is
called the distribution over quantum states M.

When the equilibrium state is reached, the outer walls are
thermally isolated (Fig. 1.7). The entire canonical ensemble is an
isolated systemwith volumeM V , number of constituentsM N and
total energy E t,

�

j

Mj = M , (1.47)

�

j

Mj E j = E t . (1.48)
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Each system in the canonical ensemble is in contact with the heat
reservoir at temperature T , where the remaining M � 1 systems
serve as a heat reservoir. The entire canonical ensemble, schemat-
ically shown in Fig. 1.7, can be considered as a thermodynamic
system determined by the given volume M V , number of systems
M N and energy E t. We name this system a supersystem. The
supersystem is a closed system with a �xed number of constituents
and constant temperature. Since it is isolated, it has a �xed energy,
therefore it can be considered as a microcanonical system and is
subject to the second postulate. For the supersystem, all possible
quantum states are equally probable.

We would like to determine a quantity 
 t(M) expressing in how
many ways at constraints 1.47 and 1.48 we can distributeM states,
of which there are M1, M2, . . . Mr indistinguishable, overM systems.
Using combinatorics, we get


 t(M) =
M!

M1!M2!M3! • • •Mr !
. (1.49)

The number 
 t(M) depends on the distribution M.
There are many possible di�erent distributions which are

consistent with the constraints (Eqs. 1.47 and 1.48), but as there are
many systems in the supersystemwe assume that themost probable
one prevails. This means that only the distribution which is themost
probable and for which the permutability, that is, the number of
ways M states are distributed among the systems, is the largest,
actually occurs. In other words, the most probable distribution is
the distribution with the largest 
 t(M). For convenience, we state
an equivalent problem of seeking the distribution which yields the
maximum of the function ln(
 t(M)) with constraints (Eqs. 1.47
and 1.48).

As N is very large, the energy levels are very close together
while many quantum states correspond to each energy level. So Mj ,
j = 1, 2, . . . r are very large numbers and we can use the Stirling
approximation stating that for large x , ln(x!) = x ln x � x , so that

ln 
 t(M) =

�

�
r�

j=1

Mj

�

� ln

�

�
r�

j=1

Mj

�

� �
r�

j=1

Mj lnMj . (1.50)
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In order to minimize ln 
 t(M) subject to constraints (Eqs. 1.47 and
1.48), we use themethod of undeterminedmultipliers and construct
a functional L ,

L =

�

�
r�

j=1

Mj

�

� ln

�

�
r�

j=1

Mj

�

� �
r�

j=1

Mj lnMj � �

�

�
r�

j=1

Mj � M

�

�

��

�

�
r�

j=1

Mj E j � Et

�

� , (1.51)

where � and � are the Lagrange multipliers. The conditions for the
existence of the extremum of the functional L are

� L
� Mj

= 0 j = 1, 2, . . . , r . (1.52)

Di�erentiation of the expression in Eq. 1.51 with respect to Mj and
using the conditions in Eq. 1.52 gives

ln

	
r�

i=1

M�
i




� lnM�
j � � � � E j = 0, j = 1, 2, . . . , r , (1.53)

from which it follows that the most probable distribution M�
j is

M�
j = M e�� e�� E j , j = 1, 2, . . . , r . (1.54)

The Lagrange multiplier � is obtained by substituting the
distribution Eq. 1.54 into Eq. 1.47,

e� =
r�

j=1

e�� E j . (1.55)

The Lagrange multiplier � is associated with temperature T (for the
proof, see Hill (1986) and references therein),

� =
1
kT

, (1.56)

where, k = 1.38 • 10�23 J/K is the Boltzmanna constant. Its value
is determined by the correspondence of the results of statistical
thermodynamics and the results of experiments.

The probability Pj of �nding a chosen system of the canonical
ensemble in the state with energy E j is

Pj =
M�
j

M
. (1.57)

aLudwig Boltzmann, 1844�1906.
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Taking into account Eqs. 1.54 and 1.55, we get from Eq. 1.57

Pj =
e�� Ej

� r
i=1 e�� Ei

. (1.58)

Since � is a positive quantity, the probability that a chosen system
in a canonical ensemble is in a state with a given eigenenergy Ej
decreases exponentially with eigenenergy. The temperature of the
system plays an important role.

The average value of a chosen variable X over the ensemble is

flX =
r�

j=1

X j P j , (1.59)

where, X j is the value of the variable X which corresponds to the
state with the energy E j . Taking into account the expression for the
probability Pj (Eq. 1.58), we get

flX =
� r

j=1 X j e�� E j

� r
j=1 e�� E j

. (1.60)

In the above Eq. 1.60, the values of the Boltzmann factors

e�� E j , (1.61)

determine the average value of the chosen thermodynamic variable
( flX ). In the following chapters of this book Eq. 1.60 will be used in
various statistical thermodynamic models to calculate the average
value of di�erent thermodynamic variables.

In the language of statistical physics, thermodynamic equilib-
rium means a state which has the most probable distribution of
the systems over the eigenenergies. The most probable distribution
means the state with the highest degree of randomness or disorder.
If the state is not the most disordered, then it is not the most prob-
able. A state with a high degree of order is called a non-equilibrium
state. A system in a non-equilibrium state spontaneously approaches
an equilibrium state.

1.2.2.2 Correspondence between statistical and classical
thermodynamics

Pressure p in classical thermodynamics corresponds to the average
pressure flp in statistical thermodynamics. Internal energy Wn in



May 25, 2015 10:26 PSP Book - 9in x 6in NBS

22 Description of Systems Composed of a Large Number of Constituents

classical thermodynamics corresponds to average energy flE . In
symbols,

p 	 flp in Wn 	 flE . (1.62)

The average energy is

flE =
r�

j=1

E j P j =
� r

j=1 E j (N, V ) e�� E j (N, V )

� r
j=1 e�� E j (N, V )

, (1.63)

while its di�erential is

d flE =
r�

j=1

PjdE j +
r�

j=1

E j dPj . (1.64)

The �rst term in the above equation corresponds to work and the
second corresponds to heat. It can be seen that there is a conceptual
di�erence between work and heat. Work is connected to change of
the eigenstates of the system, while heat is connected to change in
the distribution of systemswithin the ensemble over the eigenstates.

In the �rst term of the expression (Eq. 1.64) we took into account
that N is constant so that E j depends solely on V , E j 
 E j (V ), so
that

dE j =
�

� E j

� V

�

N
dV , (1.65)

while E j expressed from Eq. 1.58,

E j = �
1
�
ln Pj �

1
�
ln

r�

i=1

e�� Ei , (1.66)

is substituted in Eq. 1.64 to get

d flE =
r�

j=1

Pj
�

� E j

� V

�

N
dV �

1
�

r�

j=1

ln Pj dPj �
1
�
lnQ

r�

j=1

dPj ,

(1.67)
where the quantity Q is de�ned as a canonical partition function
(see Eq. 1.55):

Q = e� =
r�

j=1

e�� E j . (1.68)

Using the relation

d

�

�
r�

j=1

Pj ln Pj

�

� =
r�

j=1

ln Pj dPj +
r�

j=1

dPj , (1.69)
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and considering that the probability that a system has any energy
is 1,

r�

j=1

Pj = 1 , (1.70)

so that

d

�

�
r�

j=1

Pj

�

� =

�

�
r�

j=1

dPj

�

� = 0. (1.71)

It follows from Eqs. 1.69 and 1.71
r�

j=1

ln Pj dPj = d

�

�
r�

j=1

Pj ln Pj

�

� . (1.72)

Considering the thermodynamic relation

pj = �
�

� E j

� V

�

N
, (1.73)

yields from Eq. 1.67

d flE = �
r�

j=1

pj P j dV �
1
�
d

�

�
r�

j=1

Pj ln Pj

�

� . (1.74)

Taking into account the de�nition of the average value as described
in Eq. 1.59, it follows that the average pressure is

flp =
�

j

p j P j . (1.75)

Combining Eqs. 1.74 and 1.75 yields

d flE = � flp • dV �
1
�
d

�

�
r�

j=1

Pj ln Pj

�

� . (1.76)

The above expression for d flE is compared with the di�erential of the
internal energy (Eq. 1.39),

dWn = �pdV + T dS . (1.77)

to get the relation

T dS 	 �
1
�
d

�

�
r�

j=1

Pj ln Pj

�

� . (1.78)
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Substituting Eq. 1.56 in Eq. 1.78 and integrating yields the
expression for the entropy of the system S

S 	 �k
r�

j=1

Pj ln Pj . (1.79)

The de�nition of the canonical partition function (Eq. 1.68) and the
expression for the probability (Eq. 1.58) yields

Pj =
e�� E j

Q
. (1.80)

Substituting Eq. 1.80 in the expression for entropy (Eq. 1.79) gives

S = �k
r�

j=1

Pj ln
�
e�E j / kT

Q

�
. (1.81)

Further, rearrangement of the above expression gives

S =
1
T

r�

j=1

Pj E j + k lnQ
r�

j=1

Pj . (1.82)

Considering Eqs. 1.63 and 1.70, Eq. 1.82 transforms into

�kT lnQ = flE � T S . (1.83)

By taking into account the correspondence flE 	 Wn and by
comparing Eqs. 1.83 and 1.35, we can express the free energy of the
system by the canonical partition function as

F = �kT lnQ . (1.84)

Equations 1.79 and 1.84 give important and useful connections
between classical and statistical thermodynamics. Other thermo-
dynamic functions can be derived from the equations of classical
thermodynamics which take into account the free energy F =
�kT lnQ. Entropy can thus be expressed as

S = �
�

� F
� T

�

V , N
. (1.85)

Considering Eq. 1.84 the above equation reads

S = kT
�

� lnQ
� T

�

V , N
+ k lnQ . (1.86)
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1.2.2.3 System composed of independent constituents

The constituents of a system always interact else the system would
not be able to reach the equilibrium state. The simplest problems
in statistical mechanics, however, consider constituents (molecules,
groups of molecules or degrees of freedom) as e�ectively inde-
pendent, while the only interaction is the interaction which allows
for the equilibration of the system, for example, collisions between
the constituents and the container walls. Within such a description
direct interactions between the constituents are not considered. An
example of such a system is an ideal gas. The number density of
molecules in an ideal gas is so small that the direct interactions
between molecules can be neglected, and the system reaches the
equilibrium state by means of collisions between molecules and the
container walls.

LetH be the Hamiltonian function which describes the energy of
a certain system with a large number of constituents for which the
corresponding quantum mechanical time-independent Schr ¤odinger
equation is (see Eq. 1.27):

�H	 = E 	 , (1.87)

where, �H is the Hamilton operator, 	 is the eigenfunction of the
stationary Schr ¤odinger equation, and E is the eigenenergy of the
system.

If the system is composed of independent molecules or subsys-
tems, H is equal to the sum of the contributions of the constituent
parts of the system,

H = H a + H b + H c . . . , (1.88)

whereH a ,H b,H c , . . . are contributions of the respective constituent
parts of the system. Likewise, it follows for the Hamilton operator

�H = �H a + �H b + �H c . . . . (1.89)

The eigenvalues of the operators �H a , �H b, �H c , . . . are denoted by Ea ,
Eb,Ec . . . , while the corresponding eigenfunctions are denoted by 	 a ,
	 b, 	 c . . . . The ansatz for the solution

	 = 	 a 	 b 	 c . . . (1.90)
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is substituted in Eq. 1.87 ,

�H 	 = ( �H a + �H b + �H c . . .)	 a 	 b 	 c . . .
= 	 b 	 c . . . �H a 	 a + 	 a 	 c . . . �H b 	 b + 	 a 	 b . . . �H c 	 c + . . .
= 	 b 	 c . . . Ea 	 a + 	 a 	 c . . . Eb 	 b + 	 a 	 b . . . Ec 	 c + . . .
= (Ea + Eb + Ec + . . .) 	 = E 	 .

It follows from the above equation that the possible eigenvalues
of the energy of the whole system are equal to the sum of the
eigenenergies of the constituent parts of the system,

E = Ea + Eb + Ec . . . . (1.91)

If the constituents are independent we can solve the Schr ¤odinger
equation with say 1020 coordinates by solving a small number of
simple equations �H a 	 = Ea 	 . We introduce partition functions
(see Eq. 1.68) which correspond to individual constituents of the
system,

qa =
�

j

e�Eaj / k T , qb =
�

j

e�Ebj / kT , . . . . (1.92)

where we sum over the eigenenergies of the molecules or sub-
systems. The product qa qb . . . generates all possible values of the
eigenenergies of the system,

Q = qa qb . . . =

�

�
�

j

e�Eaj / kT

�

�

�

�
�

j

e�Ebj / kT

�

� =
�

j

e�E j / kT .

(1.93)
We conclude that the canonical partition function of the system
which is composed of e�ectively independent constituents is
equal to the product of the partition functions of the individual
constituents.

1.2.2.4 Predictability and permutability

Let us consider the simple example of the outcome of tossing a coin.
We say that tossing a coin is a casual event. For unbiassed coin, the
probabilities for heads or tails are both equal to 0.5. The probability
for each possible sequence in a series of N tosses are equally
probable, that is, equal to (1/2) N . However, each composition
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(de�ned by the number of heads (H ) in a sequence of N tosses)
is not equally probable (Dill and Bromberg, 2003). For example, in
a series of four tosses (N = 4) the composition with two heads
(H = 2) and two tails (T = 2) ismore probable than the composition
with four heads (H = 4) and no tails (T = 0) since only one of
the 16 possible sequences has (H = 4), while there are six possible
sequences corresponding to the composition with H = 2 and T = 2.
In general, the number of possible sequences (de�ned here as the
permutability of the outcome) for the composition with H heads in
a series of N tosses is (Dill and Bromberg, 2003)

W(N, H ) = N!/ H ! (N � H )! . (1.94)

It can be seen that if we throw the coin four times (N = 4)
and each time the outcome is heads (H = 4, T = 0), then the
calculated permutability of the outcome W(4, 4) = 4!/4! 0! = 1.
The reader can easily �nd that the composition which yields the
largest permutability is composed of two heads and two tails, where
W(4, 2) = 4!/2! 2! = 6. This composition therefore, is six times
more abundant (probable) than the composition with four heads.
To conclude, if we throw a coin four times, it is most probable that
we will obtain one of the sequences with two heads and two tails,
since out of 16 possible sequences six sequences correspond to
H = 2 and T = 2. We can see that even at small N compositions
with the largest permutabilityW(N, H ) strongly prevail. For a larger
number of throws (i.e., larger N) the sequences with the largest
permutabilityW(N, H ) strongly prevail (Dill and Bromberg, 2003).

Based on Eq. 1.94 it can be calculated that if we throw the
coin 100 times, the permutability of the most probable composition
with H = 50 and T = 50 is equal to W = 100!/50! 50! = 1029,
while the permutability of the composition with H = 25 and T
= 75 is equal to W = 100!/25! 75! = 2.4 × 1023, which is 6
orders of magnitude smaller. The composition with H = 100 (W =
100!/100! 0! = 1) is possible, but according to its permutability the
probability of such a composition is so small that it is in a human
lifetime spent continuously tossing a coin practically unattainable
(Dill and Bromberg, 2003).

In conclusion, although tossing a coin is a casual event for which
there is an equal probability of heads or tails, the outcome for a
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Figure 1.8 Two dimensional representation of a lattice with M = 64 sites
and N = 4 system constituents.

group of such events can be predicted. The predicability of the
outcome is better the larger the number of throws is.

1.2.2.5 Con�gurational free energy and entropy of
indistinguishable particles in the lattice model

To describe a system of N constituents, a lattice with M equal sites
is constructed. It is assumed that each site is either occupied by one
constituent or empty (Fig. 1.8). It is of interest to calculate in how
many ways N constituents can be distributed over M sites. The �rst
constituent can chose any of M sites. For the second, there are M�1
available sites since one site is already occupied, the third can be
placed on any of M�2 sites, for the last there are M�N+1 available
sites. If the constituents are distinguishable, the number of possible
con�gurations of N molecules over M sites (the permutability) is
equal to

Wd = M (M � 1) (M � 2) . . . (M � N + 1) . (1.95)

In quantum mechanics, constituents of the same species cannot
usually be distinguished. In the lattice model, the indistinguishable
nature of the constituents is taken into account in determination of
the permutability by the factor N! in the denominator ofW ,

Wi =
M (M � 1) (M � 2) . . . (M � N + 1)

N!
. (1.96)
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Both the numerator and the denominator are supplemented so that
we get in the numerator M!,

Wi =
M (M � 1) (M � 2) . . . (M � N + 1)(M � N)((M � N)� 1) . . . (3) (2) (1)

N!(M � N)((M � N)� 1) . . . (3) (2) (1)
,

(1.97)

which can be written as

Wi =
M!

N!(M � N)!
. (1.98)

The canonical partition function of a system composed of N
e�ectively independent, identical, indistinguishable constituents,
which are distributed over M sites in the lattice, is

Q = WiqN =
M!

N!(M � N)!
qN , (1.99)

where q is the partition function of a single particle.
The con�gurational free energy which corresponds to the above

partition function (Eq. 1.99) is (see also Eq. 1.84)

F = � kT lnWi � kT N ln q . (1.100)

It follows from Eqs. 1.99 and 1.100 by using the Stirling approxima-
tion that

F = � kT (M lnM � M � N ln N + N
�(M � N) ln(M � N)+ (M � N))� kT N ln q . (1.101)

Taking into account that M = N + (M � N),

F = � kT ((N + (M � N)) lnM � M � N ln N + N
�(M � N) ln(M � N)+ (M � N))� kT N ln q (1.102)

and rearranging,

F = kT
�
N ln

N
M

+ (M � N) ln
(M � N)

M



� kT N ln q . (1.103)

The �rst term in the above equation is the con�gurational free
energy

Fcon�g = kT
�
N ln

N
M

+ (M � N) ln
(M � N)

M



, (1.104)

while the second term is the contribution of the independent
particles� eigenenergies

F0 = �kT N ln q . (1.105)
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The con�gurational entropy Scon�g is obtained if according to
Eq. 1.85, Fcon�g is di�erentiated with respect to temperature T ,

Scon�g = �k
�
N ln

N
M

+ (M � N) ln
(M � N)

M



. (1.106)

If the number of occupied sites is much smaller than the number
of sites M (for very dilute systems), (N � M), we use the
approximation ln(1� N/ M) � �N/ M. This yields

F = kT
�
N ln

N
M

� N



� kT N ln q (1.107)

and

Scon�g = �k
�
N ln

N
M

� N
�
. (1.108)

The expression in Eq. 1.99 is generalized to the case where
there are s species of molecules in the system. The con�gurational
contribution to the partition function is

Wi =
M!

N1! N2! . . . Ns ! (M �
� s

j=1 Nj )!
. (1.109)

while the con�gurational entropy is

Scon�g = k ln

	
M!

N1! N2! . . . Ns !(M �
� s

j=1 Nj )!




. (1.110)

If all sites in the lattice are occupied, then M �
� s

j=1 Nj = 0 so that

Wi =
M!

N1! N2! . . . Ns !
, (1.111)

since 0! = 1. In this case, the con�gurational entropy is

Scon�g = k ln
�

M!
N1! N2! . . . Ns !

�
. (1.112)

1.2.2.6 A simple example: equation of state of an ideal gas

We show below that within the lattice model, the state with the
largest permutability corresponds to the equilibrium state of a
system of e�ectively independent particles, expressed by a relation
known as the equation of state of an ideal gas.

In very diluted systems we can neglect direct interactions
between the particles and treat them as independent. Further, using
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the lattice model, we can assume that the number of lattice sites
occupied by particles N is much smaller than the number of sites
M. The free energy can be written by using Eqs. 1.105 and 1.107,

F = kT
�
N ln

N v0
V

� N
�

+ F0 . (1.113)

where the volume of the system V is written as the product of the
number of sites M and the volume occupied by a single site (v0),

V = M v0 . (1.114)

Recalling that the in�nitesimal free energy di�erence in Eq. 1.40 is,

dF = �SdT � pdV , (1.115)

it follows that

p = �
�
dF
dV

�

T
. (1.116)

Di�erentiation of Eq. 1.113 with respect to volume V and consider-
ing Eq. 1.116 yields

p =
N kT
V

, (1.117)

that is, the equation of state for an ideal gas,

p V = N kT . (1.118)

Note that the same result may be obtained by considering a di�erent
approach in which the particles in the gas convey momentum to
the walls while their velocities are distributed according to the
Maxwell�Boltzmann distribution function (see Hill, 1986).

1.3 Thermodynamic Description of Living Systems

The basic unit of a living organism is the cell. In the cell, energy
is used for the synthesis of molecules, while the chemical energy
of biological molecules is transformed into mechanical energy of
muscle contraction and electrical energy of signals conveyed by
nerve cells. These transformations can be described by the laws of
classical and statistical thermodynamics.

Living organisms are open thermodynamic systems which
can exchange matter and energy with their surroundings and
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Figure 1.9 A living organism is an open system.

have a characteristic ordered structure. Namely, the condition
for thermodynamic equilibrium that the thermodynamic variables
are constant with time would mean that the organism is dead.
Further, the system is incontinently �uctuating, so living organisms
are in a non-equilibrium state. All processes which take place
in a non-equilibrium state are irreversible. A non-equilibrium
thermodynamic system can be close to equilibrium or far from
it. Processes that take place slowly enough in stable biological
systems (such as, transmembrane transport) are processes which
take place close to equilibrium and can be described as equilibrium
processes using the laws of equilibrium classical and statistical
thermodynamics, within which the changes of thermodynamic
variables between in�nitesimally close equilibrium states of the
system can be described.

1.3.1 Thermodynamic Potentials

Previously, we have described work conveyed to the system by
means of a change in its volume (Eq. 1.31). Such a de�nition of



May 25, 2015 10:26 PSP Book - 9in x 6in NBS

Thermodynamic Description of Living Systems33

work is not the most important in biological systems where there
are more important forms deriving from mechanical, chemical,
electrical, and osmotic e�ects. Therefore, we rewrite the �rst law of
thermodynamics (Eq. 1.29) in the form

dWn = �p dV + d �A + dQ , (1.119)

where d �A is the work of all external forces except�pdV . In general,

d �A = X • d �r , (1.120)

whereX is the generalized force and d �r is the conjugated generalized
in�nitesimal displacement. Work d �A is done because the force
X causes displacement d �r. For example, we have shown above
that a physical system in thermodynamic equilibrium attains
a con�guration which is the most probable under the given
circumstances. Since the system is composed of a very large number
of constituents, seeking the most probable con�guration results in a
generalized force that will actuallymove particles within the system.

The di�erential of the free energy according to Eq. 1.36 is

dF = dWn � T dS � SdT . (1.121)

If we also consider Eq. 1.119, we get

dF = �pdV + d �A + dQ� T dS � SdT . (1.122)

From the second law of thermodynamics (Eq. 1.32), it follows that
dQ � T dS, so that Eq. 1.122 can be written as

dF � �pdV + d �A � SdT . (1.123)

This equality is valid for reversible changes. For isothermal changes
(dT = 0) which take place at constant volume (dV = 0), it follows
from Eq. 1.123

dF � d �A . (1.124)

The di�erence between the values of the free energy of the
initial and the �nal equilibrium state of the system at constant
temperature and constant volume is the maximal quantity of work
other than�pdV which the system can perform while approaching
the equilibrium state.
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In describing a system which is not thermally isolated and has a
constant temperature and pressure, the in�nitesimal change of the
free enthalpy is according to Eq. 1.44 is

dG = dWn + p dV + V dp� T dS � S dT . (1.125)

Taking into account Eqs. 1.119 and 1.32, we get from Eq. 1.125 for
an in�nitesimal change the expression

dG � d �A + V dp� S dT . (1.126)

For isothermal changes (dT = 0) taking place at constant pressure
(dp = 0)

dG � d �A . (1.127)

When the change takes place at constant temperature (dT = 0)
and constant pressure (dp = 0), the free enthalpy of the system
decreases until the system reaches the equilibrium state. In the
process the system can perform work d �A.

1.3.2 Chemical Potential

In systems with s species of particles we can write the in�nitesimal
change of the free energy as

dF � dF +
s�

i

µ i dNi , (1.128)

and the free enthalpy as

dG � dG +
s�

i

µ i dNi . (1.129)

Here, Ni is the number of particles of the i -th species, i = 1, 2, . . . s ,
while the conjugated variable µ i is the chemical potential of the i -th
species. It follows from Eq. 1.128 or 1.129 that

µ i =
�

� F
� Ni

�

T , V , Nj 
=i
=

�
� G
� Ni

�

T , p, Nj 
=i
. (1.130)

Using the connection between classical and statistical thermody-
namics (Eq. 1.84), we can rewrite the chemical potential using the
partition functionQ as

µ i = �kT
�

� lnQ
� Ni

�

T , V , Nj 
=i
. (1.131)
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1.3.2.1 Chemical potential of one-component system

Consider a system composed of N indistinguishable molecules of
the same species, distributed over M lattice sites (Fig. 1.8). We
neglect direct interactions between the molecules and consider
only interaction collisions of constituents with the container walls
to assure the possibility for the system attaining thermodynamic
equilibrium. We assume that the volume, pressure, and temperature
are constant and use the lattice model in the approximation that the
number of occupied sites is much smaller than the number of sites.
In this case the free energy is given by Eq. 1.107

F = kT
�
N ln

N
M

� N
�

� kT N ln q . (1.132)

It follows from the de�nition of the chemical potential (Eq. 1.130)
and Eq. 1.132 that

µ = kT
�

� F
� N

�

T , V
= kT

�
ln
N
M

� ln q
�
. (1.133)

Usually, instead of the number density of constituents, we rather use
the concentration of the constituents:

c =
N
NAV

, (1.134)

where V is the volume of the system (solution) and NA, the Avogadro
number. We also introduce the concentration of lattice sites
cM:

cM =
M
NAV

. (1.135)

The expression for the chemical potential is therefore:

µ = µ 0 + kT ln
�
c
cM

�
, (1.136)

where

µ 0 = �kT ln q . (1.137)



May 25, 2015 10:26 PSP Book - 9in x 6in NBS

36 Description of Systems Composed of a Large Number of Constituents

1.3.2.2 Chemical potential of a multicomponent system

Biological systems are in general composed of many species of
molecules or constituents. Molecules of di�erent species are distin-
guishable while molecules of the same species are indistinguishable.
Again, we limit our consideration to systems in which the volume,
pressure, and temperature can be considered constant.

Imagine a simple model of solution in which there are two
species of molecules which we denote by numbers 1 and 2. In the
system, there are N1 molecules of species 1 and N2 molecules of
species 2. Direct interactions betweenmolecules are again neglected
and only indirect interactions through collisions with the container
wall are allowed to ensure the possibility of reaching the equilibrium
state of the system. Each species of molecules has a distinct set of
eigenenergies so that the particle partition function of themolecules
1 is

q1 =
�

i

e�E1, i / kT . (1.138)

while the particle partition function of the molecules 2 is

q2 =
�

i

e�E2, i / kT . (1.139)

Index i runs over all eigenstates of each kind of molecules,
respectively.

Molecules are distributed over M sites in the lattice. Each lattice
site is occupied by one molecule only and there are no empty sites,
therefore

M = N1 + N2 . (1.140)

According to Eq. 1.99, the partition function of the system is

Q =
M!

N1!N2!
qN11 q

N2
2 . (1.141)

The free energy expression follows from the relation F = �kT lnQ
(Eq. 1.84)

F = � kT (M lnM � M � N1 ln N1 + N1 (1.142)
�N2 ln N2 + N2 + N1 ln q1 + N2 ln q2) ,
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where we applied the Stirling approximation. Taking into account
Eq. 1.140, it follows from above equation:

F = � kT ((N1 + N2) lnM � (N1 + N2) � N1 ln N1 + N1
�N2 ln N2 + N2 + N1 ln q1 + N2 ln q2)

and after rearranging

F =kT
�
N1 ln

N1
M

+ N2 ln
N2
M

� N1 ln q1 � N2 ln q2 + M � N1 � N2
�
.

(1.143)
In accordance with the de�nition of the chemical potential
(Eq. 1.130), we calculate the chemical potential of the molecules 1
by partial di�erentiation of Eq. 1.143 over N1:

µ 1 =
�

� F
� N1

�

T , V , N2
= kT

�
ln
N1
M

� ln q1
�
. (1.144)

Similarly, we get by partial di�erentiation of Eq. 1.143 the chemical
potential of molecules 2

µ 2 =
�

� F
� N2

�

T , V , N1
= kT

�
ln
N2
M

� ln q2
�
. (1.145)

In the following, we consider concentrations of molecules and sites
rather than their numbers, therefore we introduce

c1 =
N1
NAV

, c2 =
N2
NAV

, cM =
M
NAV

, (1.146)

to get

µ 1 = µ 0
1 + kT ln

�
c1
cM

�
, (1.147)

µ 2 = µ 0
2 + kT ln

�
c2
cM

�
, (1.148)

where we introduced

µ 0
1 = �kT ln q1 (1.149)

and

µ 0
2 = �kT ln q2 . (1.150)

Consider a simple example of a solution where molecules 1
represent the solute and molecules 2 the solvent and assume that
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the solution is everywhere very dilute, (c1 � cM and c2 � cM). We
introduce the fraction

c1/c M � 
 , (1.151)

and according to Eq. 1.140

c2/c M � 1� 
 , (1.152)

where 
 is small. The chemical potential of the solute is then:

µ 1 = µ 0
1 + kT ln 
 , (1.153)

while the chemical potential of the solvent is

µ 2 = µ 0
2 + kT ln(1� 
 ) . (1.154)

For small 
 , the second term in Eq. 1.154 is very small since
ln(1�
 ) � �
 and can therefore be neglected so that the expression
for the chemical potential of the solvent is

µ 2 � µ 0
2 . (1.155)

The expression for the chemical potential of the solute in Eq. 1.153
can also be used in systems where there are many species of
molecules. Considering the assumptions regarding the e�ective
independence and indistinguishability of molecules, the chemical
potential of molecules of the i -th species of the solute is

µ i = µ 0
i + kT ln

�
ci
cM

�
. (1.156)

1.3.2.3 Equality of chemical potential as a condition for
thermodynamic equilibrium: a simple example

Consider a closed system divided by an impermeable wall into
two compartments of equal volume in which there are very dilute
solutions of the same species of particles. In the �rst compartment of
the system there are Na particles while in the second compartment
there are Nb molecules. We use the lattice model where we assume
that, in each compartment there are M sites. The wall is now
removed and the particles are free to redistribute. It is of interest
to �nd the distribution of molecules when the system reaches
thermodynamic equilibrium and to determine the behaviour of the
chemical potential in the process.
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The free energy is composed of contributions of both compart-
ments

F = Fa + Fb , (1.157)

where according to Eq. 1.107,

Fa = kT
�
Na ln

Na
M

� Na
�

� kT Na ln qa , (1.158)

and

Fb = kT
�
Nb ln

Nb
M

� Nb
�

� kT Na ln qb , (1.159)

so that

F = kT
�
Na ln

Na
M

� Na
�

� kT Na ln qa (1.160)

+ kT
�
Nb ln

Nb
M

� Nb
�

� kT Na ln q b .

The total number of solute molecules in both compartments N is
�xed since the system is closed and cannot exchange matter with
the surroundings,

Na + Nb = N . (1.161)

Assume that the set of eigenenergies in both compartments is the
same, so that

qa = qb = q . (1.162)

Using Eq. 1.161, we can express the number of molecules in the
�rst compartment by the number of molecules in the second
compartment,

Nb = N � Na (1.163)

and insert it into the expression for the free energy from Eq. 1.160,

F = kT
�
Na ln

Na
M

� Na
�

(1.164)

+kT
�
(N � Na) ln

(N � Na)
M

� (N � Na)
�

� kT N ln q.

We use the condition that in equilibrium the free energy of the
system is minimal, so that

dF
dNa

= 0 . (1.165)
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From Eqs. 1.164 and 1.165 we get:

ln
Na

(N � Na)
= 0 . (1.166)

so that
Na

(N � Na)
= 1 , (1.167)

and �nally

Na = N/2 . (1.168)

It follows then from Eq. 1.161 that

Nb = N/2 . (1.169)

It can be seen that in thermodynamic equilibrium the molecules of
the solute are evenly distributed over both compartments. Taking
into account the expression for the chemical potential fromEq. 1.156
it can also be seen that in equilibrium the chemical potential is equal
in both compartments

µ 1 = µ 2 = µ 0 + kT ln
�
cequ
cM

�
, (1.170)

where

µ 0 = �kT ln q (1.171)

and

cequ = N/2 NA V . (1.172)

Equality of chemical potential over a system in the equilibrium state
is valid in general and is equivalent to the condition that a system
in equilibrium attains the state with minimal total free energy or
minimal total free enthalpy.
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Chapter 2

From Lipid Bilayers to Biological
Membranes

2.1 Lipid Bilayers

A bilayer of lipid molecules (Fig. 2.1) represents the basic building
block of the plasma membrane (Cevc and Marsh, 1987; Lasic
and Barenholz, 1996; Rappolt et al., 2004; Rappolt and Pabst,
2008; Tien and Ottova, 2003), enclosing the cell interior. The lipid
bilayer is composed of two layers of lipid molecules (Fig. 2.2)
(Israelachvili, 1997; Rappolt et al., 2004), which have a water-
soluble polar headgroup and a hydrophobic non-polar tail(s). The
water-soluble headgroup (Fig. 2.2) is usually charged, having a net
positive or negative electric charge or dipole�quadrupole moment.
The hydrophobic part of the lipid molecule usually has one or more
hydrocarbon chains and is not charged.

2.2 Lipid Vesicles

When closed into �bubbles�, bilayers provide a barrier between the
�inside� and �outside�; that is, they de�ne closed �compartments�.
Bubbles of some microns in diameter are often called �vesicles�.

Nanostructures in Biological Systems: Theory and Applications
Ale�s Igli�c, Veronika Kralj-Igli�c, and Damjana Drobne
Copyright c� 2015 Pan Stanford Publishing Pte. Ltd.
ISBN 978-981-4267-20-5 (Hardcover), 978-981-4303-43-9 (eBook)
www.panstanford.com
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Figure 2.1 Schematic depiction of the lipid double layer; lipids in the
lipid bilayer are oriented with their hydrophobic tails towards the centre
of the bilayer. Namely, the lipid headgroups have the lowest free energy
when in contact with the surrounding polar water molecules, while the
hydrocarbon tails have the lowest free energy if they are hidden from the
surrounding water (Israelachvili, 1997; Rappolt et al., 2004; Rappolt and
Pabst, 2008). The thickness of the lipid bilayer is about 5 nm. The bilayer
forms a vesicle, because this is energetically favourable. In this way, contact
of hydrocarbon chains with water at the boundaries is avoided (Alberts
et al., 2008) (Fig. 2.3). This speci�c arrangement of the lipid bilayer prevents
di�usion of polar solutes like amino acids, nucleic acids, carbohydrates,
and proteins across the membrane (see Cevc and Marsh, 1987; Lasic and
Barenholz, 1996). Lipids in the bilayer are free to move around on the two-
dimensional surface.

Lipid vesicles with only one phospholipid bilayer are called
unilamellar vesicles, while those with more bilayers are multi-
lamellar vesicles (see Fig. 2.4A,B).

Lipid vesicles have a rich diversity of shapes. They are found
to transform sequentially through one of several transformation
pathways. Even minute asymmetries in the lipid bilayers can cause
deformations of the vesicle from spherical to pear-shaped, cup-
shaped, budded and string-of-pearls formations (Leirer et al., 2009;
Lipowsky, 1991; Markvoort et al., 2006). The variety of shapes is
described elsewhere in this book.

Sakashita et al. (2012) reported that the most prominent feature
of the observed shape transformations is their step-like progression.
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Figure 2.2 Calotte models of the lipids dimyristoyl-phosphatidylcholine
(DMPC) (A) and palmitoyl-oleoyl-phosphatidylethanolamine (POPE) (B). PC
and PE lipids di�er mainly in their headgroup composition (panels C and D,
respectively) (Rappolt et al., 2004).

They observed a circular biconcave form as the initial shape in all the
pathways and its transformation is reversible up to a certain point in
each pathway.

The shape of lipid vesicles is determined mainly by the minimal
bending energy for an area to volume ratio (Leirer et al., 2009;
Lipowsky, 1991; Mukhopadhyay et al., 2002). The bending energy
of lipid membranes and their curvature is frequently studied due
to its importance in understanding membrane-related biological
processes (Pencer et al., 2001; Umalkar et al., 2011).

The lipid bilayer also undergoes thermal �uctuations (Cevc and
Marsh, 1987; Duwe et al., 1990; Faucon et al., 1989; Milner and
Safran, 1987; Rappolt and Pabst, 2008). At lower temperatures
the lipid bilayer can adopt a solid�gel phase state, while at higher
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Figure 2.3 Schematical depiction of a unilamellar spherical lipid vesicle.

Figure 2.4 Light micrograph showing (A) unilamellar POPC vesicles and
(B) a mixture of unilamellar and multilamellar POPC vesicles.

temperatures it undergoes a phase transition to a �uid state
(Israelachvili, 1997; Leirer et al., 2009; Rappolt and Pabst, 2008).
Unlike the liquid phase, lipids in the gel phase do not exchange
positions. In cell membranes, the two phases coexist in spatially
separated regions (Israelachvili, 1997). At a given temperature,
some of the components of a complex mixture of lipids are liquid,
while others are in the gel phase.
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Figure 2.5 Schematic �gure of a cell membrane and its major components:
lipids, proteins, and carbohydrates.

2.3 Biological Membranes and their Composition

In all cell types, prokaryotic and eukaryotic, the membrane envelops
the cell interior and separates it from the environment. The
cell membrane is sometimes referred to as the plasmalemma. In
addition to an external cell membrane, eukaryotic cells also contain
internal membranes that form the boundaries of organelles such
as mitochondria, chloroplasts, peroxisomes, and lysosomes. These
structures are important for functional specialization of intracellular
compartments (Berg et al., 2002).

Biological membranes are two-dimensional constituents of a
large number of di�erent components (Israelachvili, 1997). The
major constituent of any biological membrane is the phospholipid
bilayer (Figs. 2.1 and 2.5) which forms a �at sheet around cells
of all living organisms and many viruses. It may have a variety
of protrusions, which are fundamental to cell shape change and
locomotion. In addition, apical evaginations of some epithelial cells
like microvilli (Fig. 2.6) are involved in a wide variety of functions,
including absorption, secretion, cellular adhesion, and others.
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Figure 2.6 Scanning electron micrograph of a mechanically opened
digestive gland cell. The mechanical break exposed the cell interior which
has a sponge-like appearance. The shape and size of microvilli can be
clearly seen. Microvilli cover the apical parts of the digestive gland cells of a
terrestrial crustacean. They are formed as cell extensions from the plasma
membrane surface (Photo courtesy: Agron Millaku, IMT, Ljubljana).

Apart from lipid molecules (Fig. 2.1), the cell membrane is also
composed of proteins and carbohydrates (Fig. 2.5). Proteins may
constitute up to 50% of the membrane content. Carbohydrates
account for less than 10% of the mass of most membranes and are
generally bound either to the lipid or protein components of the
membrane.

There are many di�erent types of lipids in cell membranes.
The most abundant in biological membranes are phospholipids,
which have hydrophlic heads that are soluble in water and
hydrophobic tails which are hydrocarbon chains of about 10 carbons
(Fig. 2.2). The smaller lipid molecules between the phospholids
are cholesterols which strongly in�uence the mechanical properties
of biological membranes. Without cholesterol, cell membranes
would be more �uid and more permeable to some molecules. The
amount of cholesterol may vary with the type of membrane. Plasma
membranes, for example, may have up to one cholesterol molecule
per phospholipid, while some other membranes like those around
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bacteria have no cholesterol at all (Alberts et al., 2008). The main
types of lipids in cell membranes are cholesterol, glycolipids, phos-
phatidylcholine, sphingomyelin, phosphatidylethanolamine, phos-
phatydilinositol, phosphatidylserine, phosphatidylglycerol, diphos-
phatidylglycerol (cardiolipin), and phosphatidic acid (Cevc and
Marsh, 1987; Israelachvili, 1997; Lasic and Barenholz, 1996;
McMahon and Gallop, 2005). Each type of cell or organelle has a
di�ering proportion of each lipid, protein, and carbohydrate.

The regions of the cell membrane which generally contain twice
the amount of cholesterol, as found in the surrounding membrane,
are called lipid rafts (Lingwood and Simons, 2010). They are small
nanodomains ranging from 10�200 nm in size. Membrane rafts are
assumed to play an important role in cellular signalling, tra�cking,
structural, and some other processes.

Membrane proteins, the other large group of membrane con-
stituents, are attached to the inner or outer membrane surface,
or embedded in the membrane of the cell or organelle (Fig. 2.5).
Proteins �oat in lipids and act as channel proteins, carrier proteins,
receptor proteins, cell recognition proteins, or simply enzymatic
proteins (Alberts et al., 2008). Proteins are also involved in cell
to cell adhesion and attach the membrane to the cytoskeleton.
Membrane proteins are very important in cell to cell communication
and may be targets of many drugs and diagnostic agents, but also
of many toxins and pesticides (Vachon et al., 2012). For example,
many organophosphates, which are potent nerve agents, function
by inhibiting the action of acetylcholinesterase (AChE) in nerve cells
(Williams et al., 2000).

The third large group of membrane components are sugar
molecules, which are attached to proteins and lipids on the outer
membrane surface (Fig. 2.5) to form glycoproteins and glycolipids,
respectively. Carbohydrates are found on the outer surface of all
eukaryotic cell membranes and form the cell coating or glycocalyx
outside the cell membrane. When they are attached to proteins
the complex is called a glycoprotein, while when they are attached
to phospholipids they are called glycolipids. Carbohydrates are
composed of a variety of di�erent monosaccharides. The glycocalyx
has a versatile function in cell protection and recognition. For
example, carbohydrates may help to hold adjoining cells together,
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or act as sites where viruses, or hormones can be attached (Alberts
et al., 2008).

2.4 Intracellular Membranous Structures

In eukaryotes, a variety of membranous structures are found inside
cells. Intracellular membrane structures include the endoplasmic
reticulum, Golgi apparatus, lysosomes, mitochondria, and chloro-
plasts. Another intracellular membrane structure is the nuclear
membrane which surrounds the cell nucleus. It consists of two lipid
bilayers: the inner and outer nuclear membranes. In plants, there
is another membranous intracellular structure, the tonoplast which
encloses the vacuole of plant cells (Alberts et al., 2008; Cammack
et al., 2006). Among the intracellular membranous structures which
are less known are lamellar bodies composed of several layers of
densely packed membranes (Fig. 2.7).

Multilamellar intracellular structures have been found and
described in various vertebrate and invertebrate cell types under
normal, stressed, and pathological conditions (see Drobne et al.,
2008). Concentric or intracellular lamellar inclusions have a variety
of names, for example, lamellar granules, lamellar lysosomes,
lamellar bodies, membrane-coating granules, Orland bodies, mul-
tilamellar lipids, concentric membranous structures, myelinoid
bodies, myelin forms, myelinosomes, cytosomes, multilamellar
bodies, osmiophilic lamellar bodies, lamellar structures or lamellar
whorls, phospholipid whorls, etc. In the older literature, laminated
membranous structures were mainly termed myelinoid bodies
or myelinosomes (Drobne et al., 2008). The term �myelin� was
primarily used to describe certain fatty substances which, when
mixed with water, produce laminated membranous structures. A
very detailed morphological description of multilamellar cellular
structures was provided for lamellar bodies in lung type II alveolar
cells. The lamellar inclusions found in some invertebrate cells are
termed lamellar bodies, though their function is not entirely clear
yet (Schmitz and M¤uller, 1991).

Structural investigations of multilamellar cellular inclusions
were not possible until the application of lipid-retaining tissue



May 25, 2015 10:26 PSP Book - 9in x 6in NBS

Transmembrane Transport49

Figure 2.7 Membranous vesicles inside cells (see Drobne et al., 2008). (A)
Scanning electron micrograph of focused ion beam (FIB) milled cell; (B�D)
di�erent FIB-milled lamellar bodies inside a cell.

preparation procedures in electron microscopy and freeze-
fracturing techniques. The application of focused ion beam (FIB)�
scanning electron microscopy (SEM) o�ered new possibilities in
structural research on cellular lamellar structures (Fig. 2.7) (Drobne,
2013).

2.5 Transmembrane Transport

The plasma membrane acts as a selectively permeable membrane
that de�nes the boundary and protects the essential intracellular
environment of the cell (Verma and Stellacci, 2010). It physically
separates the intracellular components from the extracellular
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environment. Due to its hydrophobic nature the lipid membrane
prevents hydrophilic molecules from freely crossing the membrane.

By mediating the transport of ions across the membrane,
the membrane maintains the electrochemical gradient across the
membrane (Cooper, 2000). The ionic gradient is generated and
maintained by energy-dependent processes. Due to this gradient
the transmembrane electric potential di�erence is created. This
potential di�erence may help in the exchange of charged particles
across themembrane (Alberts et al., 2008; Heinrich et al., 1982; Igli�c
et al., 1997; McLaughlin, 1989). In mitochondria and chloroplasts,
the proton gradient generates a chemiosmotic potential (Alberts
et al., 2008).

Cell membrane permeability can be a�ected by many external
factors. Among them are various chemical pollutants and toxins.
Toxins are poisonous substances produced by organisms. They are
capable of interacting with biological macromolecules and causing
disruption (Baptista, 2013). Some toxins create unregulated pores
in the membrane of targeted cells. Some of the best known are
produced by the bacteria Clostridium septicum and Staphylococcus
aureus and the sea anemone Actinia equina (Baptista, 2013).

Cell membrane destabilization can also be caused by many
other chemical pollutants and by nanoparticles (see Fig. 2.8A,B). At
present, it is believed that products of nanotechnology on coming
unintentionally into contact with biological systems �rst a�ect
cell membranes and only subsequently provoke other cytotoxic
responses.

The regulation of cellular transport may be disrupted by
formation of a membrane pore leading to various deleterious
e�ects for cells. One of the consequences is uncontrolled entry of
water through the membrane pores causing the cell to swell up
uncontrollably (Kaneko and Kamio, 2004).

In addition, a rise in the intracellular Ca2+ concentration triggers
activation of the Ca2+ signal pathway which is accompanied by
morphological shape changes inmicrovilli (Lange et al., 1997; Lange,
2000).



May 25, 2015 10:26 PSP Book - 9in x 6in NBS

Cell Shape 51

Figure 2.8 The change of membrane permeability of the cells that are
a�ected by nanoparticles may be visualized by di�usion of �uorescent
molecules such as ethidium bromide (EB) across the membrane into the
cells and subsequently, into the nuclei. The Figure shows light micrographs
of the median part of the digestive gland tube of woodlouse, Porcellio
scaber. (A) In control, untreated animals the nuclei are not stained. (B) In
animals treated with TiO2 nanoparticles, the added EB molecules are taken
up by cells of the digestive gland tube after nanoparticles destabilize the
cell membranes. After di�usion across the cell membrane, EB molecules
are intercalated into nuclear DNA where they emit orange �uorescence
light. Reprinted from Valant, J., Drobne, D., Sepcic, K., Jemec, A., Kogej,
K., and Kostanjsek, R. Hazardous potential of manufactured nanoparticles
identi�ed by in vivo assay. J. Hazard. Mater., 171, 1�3, pp. 160�165.
Copyright 2009, with permission from Elsevier.

2.6 Cell Shape

The other very important function of cell membranes is their
involvement in maintaining cell shape (Boal, 2002; Canham, 1970;
Deuling and Helfrich, 1976; Evans, 1974; Evans and Skalak, 1980;
H¤agerstrand et al., 2006; Helfrich, 1973; Igli�c, 1997; Karlsson et al.,
2001; Kralj-Igli�c, 2002; Lange, 2000; Lipowsky, 1991; Sackmann,
1994; Zimmerberg and Kozlov, 2006). The actin cytoskeleton has
been implicated in altering the membrane shape and form during
cell migration, endocytosis, and secretion, and has been postulated
to work synergistically with dynamic and coating proteins in several
of these important processes (McNiven et al., 2000; Pollard and
Cooper, 2009).

The cell membrane is a dynamic structure allowing the cell to
grow and change shape as a response to changes in environmental
conditions, or as a part of the cell�s normal function (Fig. 2.9). Many
cells in the body exhibit dramatic changes in their morphology.



May 25, 2015 10:26 PSP Book - 9in x 6in NBS

52 From Lipid Bilayers to Biological Membranes

Figure 2.9 Some cells have a dynamic shape. Among them aremacrophages
with many cell membrane protrusions. The macrophage imaged is attached
to the external surface of a digestive gland tube of an invertebrate
(terrestrial isopod, Porcellio scaber, Isopoda, Crustacea; Photo courtesy:
Francesco Tatti, FEI, Italy).

For example, muscle cells change shape due to contraction, nerve
axons due to elongation, many epithelial cells form cell-surface
protrusions, etc. One of the possible responses of cells to mechanical
stress is a change in their shape. Cells may reduce their size or swell
during normal activity or as a response to stress. Many cells change
size and shape as a result of stress (Figure 2.10A,B). Lange proposed
a mechanism of cellular volume regulation based on transport and
ion channel regulation via microvillar structures (Lange, 2000).
Cell swelling, using membrane portions of the microvilli, results in
shortening of the microvilli. The pool of available membrane lipids
is then used for cell swelling, which is proportional to the length and
number of microvilli per cell (Lange, 2000).

Cell shape alterations were observed many times as a conse-
quence of exposure of organisms to elevated concentrations of
metals (Fig. 2.10A,B)
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Figure 2.10 Some cells change shape as a result of stress. Digestive
gland cells alter their shape from (A) dome shaped to �at with various
intermediate shapes, which include the (B) folded-like appearance of an
apical cell membrane.

2.7 Differences in the Membranes of Eukaryotes and
Prokaryotes

There are two major groups of cells, prokaryotes and eukaryotes.
Among the major di�erences between them are di�erences in the
composition and function of their cell membrane. In eukaryotic
cells, the basic building block of the cytoplasmic membrane is
a phospholipid bilayer (Fig. 2.1) containing sterols. Prokaryotic
cells lack sterols. Due to the ordering properties of sterols the
eukaryotic cell membrane is capable of forming liquid-ordered
phases. Very recently, S·aenz et al. (2012) provided evidence of
bacterial �sterol surrogates� that are hopanoids. They have the
ability to assemble saturated lipids to form a liquid-ordered phase
in model membranes. These observations suggest that the evolution
of an ordered biochemically active liquid membrane could have
developed before oxygenation of the Earth�s surface and the
emergence of sterols.

The two cell types also di�er in their cell walls. Among the
eukaryotes plant cells have a cell wall. The eukaryotic cell wall
is chemically di�erent from the prokaryotic cell wall and never
contains muramic acid. Muramic acid is a form of sugar acid, which
has many biological functions as a component in many typical
bacterial cell walls. The prokaryotic cell wall is composed of proteins
or long chain carbohydrates, but not lipids. Anothermajor di�erence
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Figure 2.11 SEM micrograph of lipid droplets on the cell surface (A,
B). Some lipid droplets were focused ion beam (FIB) milled (C,D). The
composition of a lipid droplet is homogenous. (Photo courtesy: Francesco
Tatti, FEI, Italy).

regarding membranes between eukaryotes and prokaryotes is
related to their internal membranous structures. Eukaryotes have
complex internal membranous compartmentalization, containing
endoplasmic reticulum, Golgi bodies, lysosomes, mitochondria,
etc. (Alberts et al., 2008). These sub-cellular compartments are
surrounded by one or more lipid bilayer membranes. They compose
the majority of the lipid bilayers in the eukaryotic cell (see
Fig. 2.11A,B).

Prokaryotes usually have a simple and often transient internal
membranous compartmentalization, if present at all. The intracel-
lular structures which can be seen as primitive organelles in some
groups of prokaryotes are in the form of protein-bounded and lipid-
bounded organelles. These membranous vacuoles or membrane
systems have special metabolic properties (Murat, 2010).
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Figure 2.12 Lysosomal membrane permeability assay shows that the
control (non-stressed) animals have stable lysosomal membrane (A),
whereas the stressed animals have destabilized lysosomal membrane (B).

2.8 Consequences of Membrane Damage

Cellular membranous compartments may be damaged by a variety
of factors. A consequence of all types of cell injury is loss of the
capacity of the plasmamembrane tomaintain a proper ionic balance
between the intra- and extracellular compartments (Stark, 2005).
Under stress, the barrier function of all membranes is a�ected, not
just the plasmamembrane. Alterations inmitochondrial outermem-
brane permeabilization (MOMP) lead to apoptotic and necrotic cell
death. Mitochondria serve as the prime source of reactive oxigene
species (ROS), as well as being a target for their damaging e�ects.
The earliest consequence of ROS burst is peroxidation which is a
critical early event in apoptosis (Ott et al., 2007). As well as MOMP,
lysosomal membrane permeabilization (LMP) is also emerging as
an important trigger of cell apoptosis (Boya and Kroemer, 2008).
Lysosomal membrane permeabilization is a potentially lethal event
because it causes the release of cathepsins and other hydrolases
from the lysosomal lumen to the cytosol. Lysosomal proteases in
the cytosol cause digestion of vital proteins and activate hydrolases,
including caspases. The lysosomal membrane is often a target for
di�erent contaminants so that membrane permeability is an early
indication of the e�ects caused by chemical pollutants (Fig. 2.12)
(Svendsen et al., 2004).

The lysosomal latency (LL) assay and the neutral red retention
(NRR) assay are most frequently used for measuring lysosomal
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membrane stability. The LL assay estimates di�erences in the
permeability of the lysosomal membrane, measuring the optimal
reaction time for lysosomal N-acetyl-b-hexosaminidase activity
(Nolde et al., 2006). This biomarker has beenwell established as one
of more reliable of the recommended biomarkers in water quality
assessment (UNEP, 1997). The NRR assay is another technique
applied for monitoring alterations in the permeability of the
lysosomal membrane. This test is based on the retention of the
cationic probe neutral red within the lysosomal compartment over
time (Fig. 2.12).

Cell damage, including cell membrane damage, if severe enough
leads to autophagy. Autophagy is a vital catabolic process that
degrades cytoplasmic components within the lysosome. Autophagy
operating under normal and pathological conditions plays an
essential quality-control function in the cell by promoting basal
turnover of long-lived proteins and organelles, as well as by
selectively degrading damaged cellular components (Murrow and
Debnath, 2013). It is manifested by the presence of autophagic
vacuoles. These are double-membraned vacuoles containing cyto-
plasmicmaterial (Pavelka and Roth, 2010). They undergo a stepwise
maturation including fusion with both endosomal and lysosomal
vesicles and thus, do not have a constant ultrastructural appearance
(Fig. 2.13).

Another disturbance related to phospholipids is cellular phos-
pholipid storage disorder, termed phospholipidosis. Phospholipi-
dosis is the excessive accumulation of intracellular phospholipids
due to interactions of di�erent substances (cationic amphiphilic
structures) with phospholipids or the enzymes that a�ect their
metabolism (Reasor and Kacew, 2001). This accumulation results
in a unique structure in the cells noted as electron-dense lamellar
whorls in the cytoplasm when observed with transmission electron
microscopy. Electronmicroscopy is thewidely accepted standard for
classi�cation of the phospholipidosis e�ect (Monteith et al., 2006).

Almost 500 compounds were described to induce phospholipi-
dosis (Goracci et al., 2013). These compounds share several common
physiochemical properties, including a hydrophobic ring structure
on the molecule and a hydrophilic side chain with a charged cationic
amine group, hence the class term cationic amphiphilic drugs
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Figure 2.13 An autophagous vacuole as seen by SEM after FIB milling of a
digestive gland epithelium. Note that the digestive gland epithelium is �at
(A), which is an indication that the organism is under severe stress. (B)
Membrane around a targeted region of the cell. (Photo courtesy: Francesco
Tatti, FEI, Italy).

Figure 2.14 Lamellar body in a digestive gland cell of TiO2 treated model
animal, terrestrial isopod Porcellio scaber (Unpublished, Photo courtesy:
�Ziva Pipan Tkalec).
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Chapter 18

Biological Impact of Membranous
Nanostructures

In this book the basic biophysical mechanisms governing biological
membrane con�gurations are considered. Themembrane con�gura-
tion comprises the lateral redistribution of membrane constituents
and the related membrane curvature. As membrane constituents
are small, the resulting curvatures are large. Membranous nanos-
tructures are formed such as nanovesicles (NVs), nanotubules, and
inverted hexagonal stacks. These structures represent an important
pool of biological membranes (Kralj-Igli�c, 2012). They are composed
in a way similar to the mother cell and also enclose a cell
interior. Nanotubules explore the surroundings and may become
attached to neighbouring cells. NVs are free to move in body
�uids and travel with the circulation. They can reach distant cells
and interact with them. Nanotubules and NVs transfer matter and
information to other cells. Therefore, they can be considered as
cell�cell communication systems. By fusing with recipient cells,
nanotubules and NVs convey to these cells surface-bound ligands
and receptors (Ratajczak et al., 2006a,b), prion proteins (Fevrier
et al., 2004; Vella et al., 2008), genetic material including RNA and
DNA (Baj-Krzyworzeka et al., 2006; Pisetsky, 2009), and infectious
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